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teristics of the system and this becomes a natural extension
of the method used herein.
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Dynamic Stability of Cylindrical Propellant Tanks
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Dynamic instability and associated parametric resonance is a dominant form of response
in a longitudinally excited cylindrical shell containing liquid. The present paper is devoted
to a theoretical and experimental study of its occurrence in a cylindrical system which in-
cludes the influences of axial preload, ullage pressure, partial liquid depth, and a finite top
impedance. Donnell shell theory and a modified Galerkin procedure are utilized to formu-
late equations which govern the stability of perturbations superimposed on an axisymmetric
initial state of response. Stability boundaries are computed for a range of parameters
affecting the region of principal parametric resonance and are compared with experimental
results. It is found that liquid depth, top impedance, and ullage pressure have a strong
influence on stability, while the effects of axial preload are relatively insignificant.

Nomenclature
« = radius of the shell
Co = speed of sound in the liquid
cs = E/ps, speed of stress waves in the shell
E = modulus of elasticity
g = standard acceleration of gravity
H = h/a, nondimensional liquid depth
Hs = hs/a, nondimensional thickness of shell
Iz ' = mass moment of inertia of top weight about z axis
/ = length of the shell
m = one-half of the number of circumferential nodes;

cos(m0)
NXXd*,Need* = dynamic part of initial-state stress resultants

[nondimensionalized by (I — i>2)/Ehs]
NXxs*,Noes*} = static part of initial-state stress resultants [non-

Nx0s* dimensionalized by (I — v*)/Ehs]
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n
Pr
PQ,PO
R,0,X

U,V,W

pi, ps

coo
cor, o>

axial wave number; smmrx/l
nondimensional pressure loading on shell, pr/E
axial preload, ullage pressure
cylindrical coordinates (space-fixed) nondimen-

sionalized by a
shell displacements u,v,w, nondimensionalized by a
nondimensional amplitude of axial excitation (X0

top acceleration impedance (force/acceleration)
density parameter pia/pshs
Poisions ratio
velocity potential, nondimensionalized by co0

2a2/cor
mass densities of liquid and shell
nondimensional time, r = urt
liquid parameter c0

2/a2

response and excitation frequencies
natural frequency of m, k-th mode
designated frequency, nondimensionalized by

a*/cs*
designated frequencies, nondimensionalized by

(1 — p2)a2/cs
2 and by a2/co2, respectively

Superscripts

( * ) = the amplitude of ( )
C) = (d/dr)( ), r = co*
( )p = related to initial-state response
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Introduction

CLASSIC examples of dynamic instability and parametric
resonance have been studied in detail by Bolotin.1 Ex-

perimental investigations2 have shown that this type of be-
havior is dominant amidst a complex variety of responses
which can be observed in a longitudinally excited model
vehicle propellant tank which is not sufficiently reinforced
with stiffeners. A theoretical and further experimental
investigation3 was conducted for a longitudinally excited,
liquid-filled cylindrical shell. It was found that the system
initially tends to respond in a state comprised of linear
axisymmetric modes. However, the resulting membrane
stresses form a parametric load with respect to nonaxisym-
metric perturbations superimposed on the initial state. Thus,
for wide ranges of the excitation parameters, instability and
subsequent parametric resonance results, and linear vibration
theory is no longer adequate to predict the response of either
liquid pressure or wall motion. This paper is devoted to a
study of their occurrence in a cylindrical shell system which
includes the influence of axial preload, ullage pressure, partial
liquid depth, and a finite top impedance. Figure 1 indicates
the appropriate parameters and boundary conditions for both
the initial and perturbed states. The initial state represents
linear forced axisymmetric motion, whose responses have

UP

NX"XS

Wpcccos me

-X0cos ut

Fig. la Mechanism of dynamic instability-initial state,
m = 0.
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Fig. lb Mechanism of dynamic instability-perturbed
state, rn > 0.

already been determined, along with natural frequencies and
modal functions for the system.4 Stability of motion in the
perturbed state is the subject of the present paper, although
results from Ref. 4 must be utilized in part of the analysis.
Note that, theoretically, the perturbed state can be either
axisymmetric (m = 0) or nonaxisymmetric (m > 0); how-
ever, for a single tank system, the nonaxisymmetric form of
instability is dominant.

Derivation of Stability Equations
The perturbed motion represented by Fig. lb will be

analyzed by means of Sander's nonlinear shell equations5'6
which are based on Donnell approximations. These equa-
tions contain nonlinear terms resulting from the rotation of
shell elements as well as nonlinear strain-displacement rela-
tions. We will follow the philosophy of Bolotin1 and assume
that retaining only nonlinear terms which result from rota-
tions is sufficient to determine dynamic stability. Compres-
sible flow theory is used for the liquid. The motion is ex-
panded into a series of the natural mode eigenvectors which
were obtained from the solution of the free vibration prob-
lem.4 A modified Galerkin procedure is then utilized to re-
duce the system to a linear second-order, time dependent set
of coupled differential equations having periodic coefficients.
The method is "modified" in the sense that the natural modal
functions (finite series eigenvectors) are chosen as weighting
functions, although they are not of closed form. An approxi-
mation of the perturbed motion will then be obtained by the
use of only one eigenvector term of the series, so that the
coupled set reduces to a single stability equation.

Thus, the governing shell equations are of the form

LnU + L127 + LnW -
L22F + L23TF -

= 0

= 0

(la)

(lb)

where

Ln =

cosotf + [(1 - v*)/Hs]Pr = 0 (Ic)

v 52 1 + v 52

oX

2 502

- v 52

2 5X50
+ y 52
2 5X50

(2a)

1/31 = — V —— y

/*2 / 54

1/32 = ~ 50

(2b)

i-aC*-- £)•"£(*-• 5)
€d = 0 for free vibration, ed = 1 for forced vibration. Pres-
sure loading on the shell is given by

[(1 - v*)/H,]Pr = -fio2]S(5$/5r) at R = 1 (3)
where the fluid velocity potential is governed by

= 0 (4)

Boundary conditions on the fluid and shell are: At X = 0,
U = W = V = 0, and 5W /5Z2 = 0. At X = I/a, W =
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7 = 0, d2TF/dX2 = 0 and

where

(5)

Z** = Z0(l - ^2)/(27rpaa%) for m = 0
Z** = (1 - z>2)7*/(4pAa5) for m = 1

£** = oo for m > 2

Solutions of the shell motion having a given circumferential
displacement distribution will be sought as expansions of the
/omth natural modes

K
U(0,T,X) = cosmtf X

7(0,r,.Y) = sinwfl X

W (0,r,X) = cosmtf X

K
= X a*

X
k = 1

= X

(6b)

(6c)

where for convenience we have defined a general shell dis-
placement vector U(U,V,W ) = U([/i,£72,J73), which is a func-
tion of both space and time and is associated with the fluid
velocity potential <i> and upper shell displacement Ui.

The potential <i> satisfies Eq. (4) which forms a constraint
on the shell system. In order to interpret the fluid pressure
loading as an apparent mass which is valid at the response fre-
quency o)r, we express the potential for forced motion as

K
cosmfl X (7)

Note that f>wfc(cor, RjX) is the component of <i> associated
with a shell displacement component Wm^ and both liquid
and shell motion is anticipated to be nearly periodic with re-
sponses at frequency cor. At the shell wall, we use the nota-
tion -$w*(«r,l,Z) = $mk(<*r,X).

For the special case of cor = w*, the system responds in the
w,fcth natural mode, and the shell displacement modal func-
tions form the vector Uk(Uik,U2k,Uak), which is a function of
space only and is associated with the fluid velocity potential
<i>m/c(a)fc,X) and the top displacement Uik. From the defini-
tion of natural frequencies, these modal functions satisfy

3

X + + = 0, i = 1,2,3

t>Uik/t>X - Z**Qk*Uik at X = //a (8b)
We now consider the forced motion. By means of a

Galerkin procedure,7 we form an expression for virtual work
in the system

3

em I F*(Uik) • C7,^0 = 0 (9)
r

X; I Q»• = !•/*>

where em — 1 for m = 0, 1 ; em — 0 for m > 2. More spe-
cifically, we substitute Eqs. (3, 6 and 7) into Eqs. (1) and (5)
and then by means of Eq. (9) form an expression for virtual
work between forces (expressed in terms of displacements)
associated with the general forced motion and displacements
associated with the ra,fc'th natural mode. There results

U*,(LvU»)dS-X U fl X X
= lL J * i = l j=l

r 3

L X UwUiid
•'"» = !

€w fc(ak ^^

k, cosmd dS - 2r% X

/•+ edak cosw^ I UutLnUto) dS +
^ "

= 0 (10)

Upon use of Eq. (8), reverting back to the more conventional
displacement symbols in Eq. (6) carrying out the spatial
integration, this can be written as

K
£

K

••/*'*] + dkNk.t cosut} = 0 (11)
where k' = 1,2,3, .-.-..,, K, and

' Umk,UmkdX (12a)

(12b)

(12e)

(12d)

(12e)

(120

cor) = j8,̂ | T
cor */ tj

wt) = j3 ̂  f '/
COfc J u

/*•* =

The coupled set of K Eq. (11) govern the perturbed motion,
described in Fig. Ib, for a given value of m. We will limit
further discussion to the case of modes having m >2. For
these modes, the dominant motion is radial for the set of
natural modes at lower frequencies. Thus, the terms under
the first summation can be neglected, and, in matrix notation,
Eq. (11) become

a2LM]{a} + &k*[K]{a\ + [T }{a} cosco* = 0 (13a)

where the elements of the k'th row and Mh column of the cor-
responding matrices are

Mk.k =

Fk>k - ', and {a} =

Equation (13a) can further be written as
{a} + (tik*/

(13b)
When the flow is incompressible, M k*k is independent of co and
we have [Af J"1 [K] = [7], where [7] is the identity matrix.
It must be emphasized that Eqs. (13) are not general dif-
ferential equations in time but include the restriction of nearly
periodic motion in the generalized apparent mass given by
Eq. (7).

Evaluation of Matrix Elements

Modal Functions

Elements of the matrices in Eqs. (13) will now be evaluated
from Eqs. (12d-g) in terms of the X-dependent natural
modal functions (eigenvectors) of the system. These func-
tions, whicji are not of closed form,, have previously been de-
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Fig. 2 Experimental apparatus.

termined from an eigenvalue problem4 in terms of the follow-
ing series forms for the shell displacements:

Umk(X) = %B,kX* + Blk(X - I/a) + Bm0k +

Bmn

N
Wmk(X) =

and, for the velocity potential,
AT

(14a)

(14b)

(14c)

(15)

where ^fmn(ur,X) is a component function which satisfies
Eq. (4) for vibration at frequency cor, and corresponds to the
sinXnX" component function in Wmk through the boundary
condition which must be satisfied at the tank wall.4

Mass Coefficients

The mass coefficient IM will now be developed from Eq.
(12f). By means of Eq. (14c), there results

I/a N N

/
;

0 "̂ "i

I N N

%a n=l n' = 1

AmnkAmn'k> sinXn/X sm\nXdX

N
AmnkAmn'k'dn>n = ~ Yl AmnkA (16)

By substituting Eqs. (14c) and (15) into (12d), the liquid
apparent mass coefficient corresponding to the response fre-
quency cor becomes

where

N N
(17)

sm\n,XdX

Except for a normalizing constant, the latter expression has

also been evaluated in previous work. That is,

SfnUCw,) = an,*Mnn,n (18)

where

ant = JJA sin2Xn,XdZ = ~

and Mwn/n is given by Eq. (18a) in Ref. 4. Note, however,
that the free index k used in the referenced expression is not
the same k which is used to designate the natural mode herein,
and we must also use cor = o>.

Finally, the apparent mass coefficient Mk>k(uk) given by
Eq. (12e) is obtained simply by substituting cor = co& in Eqs.
(17) and (18).

Parametric Coefficients

Upon substitution of Eq. (14c) into (12g), we obtain
N

Nk'k = AmnkAmn>k>Jn'n (19a)

where

n'n = I ( \nZ SillXnZ — \n

m*Need* sinXnZ j sinXn,X d (19b)

The dynamic stress resultant amplitudes NXxd* and Need* are
produced by forced excitation in the axisymmetric initial
state described in Fig. la. These stress amplitudes can be
expressed in terms of the amplitudes of the initial-state dis-
placements by means of the usual stress-displacement equa-
tions

Nxxd* =
= W* + vt>lJ*/?>X

(20a)
(20b)

Thus, the parametric coefficients are partly determined by the
initial-state displacement amplitudes Up and Wp.

The solution to the linear forced axisymmetric response of
the initial state, in terms of displacements, has previously
been given by Eq. (25) in Ref. 4. However, in the direct use
of this equation, the appropriate elements of its matrices
must include the substitution

= Z**forra = 0, 1 (21)
since an arbitrary acceleration impedance is allowed in the
present problem, rather than only a rigid mass. Further, to
allow for comparison of numerical and experimental data, it
is convenient to express the initial-state displacements as
ratios of the excitation amplitude X0. Therefore, the dy-
namic displacement amplitudes are of the form

N

= X0 ]T Amn»p$m\n»X
ri'=\

(22a)

(22b)

whose coefficients are completely determined by solving for
the case of XQ = 1.

The initial-state stresses can now be determined. Upon
substituting Eqs. (22) and (20a), there results

N
= X0 I

L

sinXn7'^ (23a)
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**,** r N
i N N

= 7Tn Z Z

N N

cos »>X

AmnkA

(23b)

rfnn'k I / j
\_n" = 1

n +

Upon substituting Eqs. (22) into (20b), there results
N•[-

Equation (26) is a Mathieu equation whose stability prop-
erties are well known. To put it in a standard form8 for de-
termining the stability boundaries for principal parametric
(|-subharmonic) resonance, we set co = 2cor and obtain

(23c) dk + (a + 2qX0 cos2r)ak = 0 (27)
where a = SIJK/^M) and q = f/(2ttr

2M). The stability
For convenience of computation, these stress resultants and boundaries can then be approximated by

derivatives are expanded into complete Fourier series as fol-
lows:

N

N

where

N2n» =

and

2a f i / a
on- = y Jo sm

2a fi/a .
'•= T Jo X* *XdX

The parametric coefficients can now be complete evalu-
ated. Upon substitution of Eqs. (24) into Eqs. (19), there
results

where

>k, \ Z (X»Win-dn'»'nr-
\_n" = l

N3n»en>'n>n) ~ Xn52^0n'n

eon'n = I cos\nX $m\n>XdX
J 0

fl
"n>n = I

/
I,
l/a

sm\nXdX

One-Term Approximation

For the ra^'th natural mode in Eq. (13a), set k' = k to ob-
tain

SrllUa* + SW
where from Eqs. (16-19)

= Z°" ^ Z

+ XQTak cosco* = 0

/ x , v -^-^ A
n>n(Ur) + ~ Z A^kza n==i

qX<> = a - I for a > 1
(28)

(24a)

(24b)

(24c)
1
i
<^>%
1 °-s

evalu- |

1

(25)

1

oo<-.

5

c to ob-
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Fig. 3 Influence of liquid depth on stability; Z0 = 34.53
Ib/g, Po = 34.53 Ib, p0 = 0 psig.



592 D. D. KANA AND W.-H. CHU J. SPACECRAFT

0.2 0.4 0.6 0.8 1.0
LIQUID DEPTH RATIO. h/X

Fig. 4 Natural frequencies of partially filled tank.

In terms of input acceleration, which is convenient for experi-
mental measurement, these become

g, = X0(coV<7) = - l\/q) (29)

Theoretical and Experimental Results

Experimental data for stability boundaries are obtained
from the apparatus shown in Fig. 2. All pertinent parame-
ters, including the input impedance ZQ of the boundary con-
dition at the tank top, could be measured. The use of
acceleration impedance (force/acceleration) proved to be most
convenient in this application. Variation of the impedance
was achieved by using different rigid masses as well as the
loading frame. The cylinder is made of 0.005-in. stainless
steel, has a diameter of 10 in., and is 14.5 in. long (the same
cylinder as that used in Ref . 4) .

Theoretical and experimental stability boundaries are com-
pared in Fig. 3 for the k = 1, m = 10 mode. Theoretical re-
sults are obtained from Eq. (29) with N = 5 terms. Excita-
tion conditions at or above the boundaries result in a principal
parametric resonance whose mode shape is dominantly the
k = 1, m = 10 natural mode, and whose frequency of motion
is ^-subharmonic to the excitation. Experimental points
were determined as the points of least acceleration where the
parametric response would occur. It is apparent that sig-

n
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Fig. 6 Influence.of ullage pressure on stability.

nificant deviation exists between theoretical and experi-
mental results for the empty tank, and better agreement is
achieved for greater liquid depths. After careful scrutiny,
it was ascertained that the wider experimental stability
boundaries are principally caused by imperfections in the
cylinder. That is, split natural modes9 and spatially shifting
modal patterns occurred so that one exact natural frequency
did not exist. As a result, the experimental system shows a
tendency to be more unstable than predicted by theory.
This trend is apparent in all the data. It is possible that
somewhat better agreement could be achieved by the use of
some form of imperfection theory in the analysis. This pos-
sibility remains to be investigated.

It was desirable to determine the influence of the various
system parameters on the stability boundaries for a given
mode. This was done in terms of dimensional variables, in
order to emphasize the complexity of this influence. For this
purpose, it is necessary to understand the effects of the same
parameters on the natural frequencies of the system. For
convenience, some natural frequencies which were determined
in the earlier work4 for several symmetric and one nonsym-
metric mode are given as functions of liquid depth in Fig. 4.

Fig. 7 Influ-
ence of liquid
depth on stab-

ility.

Fig. 5 Influence of axial load on stability.
0 0.2 0.4 0.6 0.8 1.0

LIQUID DEPTH, h/X
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0 10 20

TOP IMPEDANCE Z0, Ib/g

Fig. 8 Influence of top impedance on stability.

It is recognized that, in general, a more unstable system
will possess a stability boundary whose acceleration ordinate
is at a lower value for a given value of the frequency parame-
ter 2o>i-io. Therefore, in order to assess the effects of axial
load, ullage pressure, liquid depth, and top impedance, a
stability boundary acceleration gxi was determined at an
excitation frequency value of uxi = 0.996 (2w1-i0) for a range
of each of these parameters. Theoretical and experimental
results are compared in Figs. 5-8. These results must be
compared with those in Fig. 4 for proper interpretation. At
a given liquid depth, increasing axial tension has only a small
effect on natural frequencies and, likewise, only an insignifi-
cant effect on stability as shown in Fig. 5. On the other
hand, increasing ullage pressure significantly raises the
natural frequencies of the nonsymmetric modes but leaves
those of the lower symmetric modes essentially unchanged.
Thus, as coxi approaches a natural frequency for a symmetric
mode, the parametric excitation of the initial state is ampli-
fied, and the system becomes more unstable. This is re-
flected by the dips in the curves in Fig. 6. It is also interest-
ing to note that, at certain frequencies, the system becomes
completely stable where the parametric coefficient in Eq. (27)
becomes zero.

Increasing liquid depth changes all natural frequencies, as
shown in Fig. 4, and has a profound influence on stability
throughout the depth range, as shown in Fig. 7. This results
from the coincidence of eo*i with natural frequencies of sym-

metric modes at certain points, as well as the provision of an
increased distributed parametric loading on the tank wall.

The influence of top impedance on stability is shown in Fig.
8. Increasing this impedance lowers the frequencies of sym-
metric modes while leaving the nonsymmetric mode fre-
quencies unaltered. Thus, strong interaction can again be
seen to occur. The dip in the curve occurs at an impedance
such that Wxi coincides with the natural frequency of the first
symmetric mode.

It is obvious that variation of the aforementioned parameters
can cause either an increase or decrease of stability, depending
on the range of analysis. Further, it must be recognized that
many nonsymmetric modes are present in the frequency
range indicated in Fig. 4, and each mode can become unstable
as the one which was studied. Therefore, a complex pattern
of instability and parametric resonance occurs with many
overlapping regions of instability. The overall trend of the
data shows good qualitative agreement between theory and
experiment, although significant quantitative discrepancies
exist because of the reasons previously discussed.
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